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Abstract. Motion of flagellate bacteria is considered from 
the point of view of rigid body mechanics. As a general 
case we consider a flagellate coccus magnetotactic bacte- 
rium swimming in a fluid in the presence of  an external 
magnetic field. The proposed model generalizes previous 
approaches to the problem and allows one to access pa- 
rameters of the motion that can be measured experimen- 
tally. The results suggest that the strong helical pattern ob- 
served in typical trajectories of magnetotactic bacteria can 
be a biological advantage complementary to magnetic or- 
ientation. In the particular case of zero magnetic interac- 
tion the model describes the motion of a non-magnetotac- 
tic coccus bacterium swimming in a fluid. Theoretical cal- 
culations based on experimental results are compared with 
the experimental track obtained by dark field optical mi- 
croscopy. 

Key words: Bacterial motion - Magnetotaxis - Micro- 
organism motility 

1. Introduction 

Motile bacteria swim by means of flagella (Berg 1975), 
which consist of rigid helical tubes containing a single type 
of protein subunit. Each flagellum is attached at its base 
to a protein disc embedded in the bacterial membrane by 
a flexible hook. This disc is part of a molecular motor 
(Manson et al. 1977), that produces a torque on flagellum 
to rotate and turns it. Several flagellar filaments emerge 
randomly on the sides of the bacterial body. 

Two rotational directions with respect to the axis paral- 
lel to the velocity are observed. Clockwise rotation, when 
the angular velocity is anti-parallel to the velocity direc- 
tion, and counterclockwise rotation. Counterclockwise ro- 
tation makes flagellar filaments form a synchronous bun- 
dle that pushes the bacterial body forward. On the other 
hand, clockwise rotation disperses flagellar filaments and 
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each flagellum turns independently. In this last case the 
bacterium tumbles (Berg 1975). 

It is observed that cells align the axis of their helical 
trajectory with the direction of the stimulus. This behav- 
ior is strikingly observed in the case of magnetotactic bac- 
teria. Magnetotactic microorganisms are motile cells that 
possess intracellular magnetic particles (Blakermore 
1975; Lins de B arros and Esquivel 1985; Farina et al. 1990; 
Mann et al. 1990; Lins de Barros et al. 1990; Lins de Bar- 
ros et al. 1991) which impart to the cell a permanent mag- 
netic dipole moment. Each intracellular magnetic particle 
is enveloped by a membrane forming a specialized orga- 
helle, the magnetosome (Fig. 1). The permanent cell mag- 
netic moment interacts with an external magnetic field. This 
interaction produces a torque on the cell body that orients 
the cell to the field line. Reversion of the external field pro- 
duces a new orientation of the cell and the resulting trajec- 
tory is U-shaped (Esquivel and Lins de Barros 1986). 

Two types of magnetotactic microorganisms with re- 
spect to the relative magnetic dipole orientation are found 
in natural samples (Lins de Barros et al. 1990). South-seek- 
ing microorganisms, found preferentially in the south mag- 
netic hemisphere, are microorganisms in which the mag- 
netic dipole is antiparallel to the motion direction. These 
organisms orient to the local field line and swim down- 
ward in the south magnetic hemisphere. North-seeking mi- 
croorganisms are similar to the south-seeking cells but the 
magnetic dipole is in the opposite direction. They swim 
downward in the north magnetic hemisphere. At the geom- 
agnetic equator the geomagnetic field is parallel to the 
earth's surface and both magnetotactic microorganisms are 
found in the approximately the same proportion (Frankel 
et al. 1981). Magnetotaxis, that is the motility directed by 
a magnetic field, seems to be an adaptive mechanism in 
which the magnetic field acts as a stimulus (Lins de Bar- 
ros et al. 1990). 

In this work we study the helical motion of a coccus 
bacterium with a single flagellum. As a general case we 
consider a magnetotactic coccus bacterium swimming in 
a homogeneous fluid and in the presence of an external 
magnetic field. 



14 

Fig. 1. Micrography of a coccus magnetotac- 
tic bacterium. It is clearly observed that the 
flagellar bundle emerges from only one point 
on the cell membrane, in contrast with E. coli 
or Salmonella, where the flagellar bundle 
emerges from several points of the cells 
membrane. We can observe intracellular 
magnetic crystals responsible for the magnet- 
ic orientation of the cell. Note that the crystal 
chain is nearly parallel to the flagellar axis. 
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Fig. 2. Set of orthogonal axes that are used. (e 1, e 2, e3) are unit vec- 
tors fixed respect to the cell body with origin at the center of mass. 
These unit vectors define the BAC reference frame. (e 1, e 2, e3) ro- 
tates with respect to the unit vectors (ex, e v, ez) which defines the 
LAB references frame. F is the propulsive force. F~ and F12 are, re- 
spectively, the components of F along e 3 and in the 12-plane. F ro- 
tates with a vector angular frequency (o = roe 3 with respect to (e~, e 2, 
e3). m is the magnetic moment of the cell which is assumed to col- 
linear to e 3. B is the external magnetic field, assumed collinear be 
to ez: For t<0, B is parallel to e z while for t<0, B is anti-parallel to 
e z. P is the point of insertion of the flagellum 

Studies on the motion of  magnetotact ic  bacteria usu- 
ally specialize in U-turn analysis and application of  the 
Bean model  (Kalmijn 1981; Frankel 1984; Esquivel and 
Lins de Barros 1986). However,  studies based on the Bean 
model,  though the results obtained are very interesting, 
suffer several limitations. The main deficiency of  the Bean 
model  is that the helical pattern of  the trajectory is ne- 
glected. Since experimental evidence shows that this hel- 
ical pattern is very pronounced in magnetotact ic organ- 
isms, it is desirable to get a model  which takes this feature 
into account. This will be the purpose of  this work. The 
general case considered is that of  a spherical magnetotac-  
tic bacterium swimming in an iostopic viscous medium 
under the f lagellum action. 

Experimental  observations were made using dark field 
high resolution optical microscopy with the low exposure 
photo technique. This procedure enables one to obtain a 
track of  a bacter ium swimming in a viscous medium. This 
track is interpreted as the two-dimensional  projection of  a 
tridimensional helical path on the plane of  the emulsion. 

2. Mathematical  model  

The motion of  a bacter ium in a viscous medium is charac- 
terized by a condition of  very low Reynolds number  (Pur- 
cell 1977). Reynolds number  is a dimensionless parame- 
ter given by the ratio between inertial and viscous forces. 
In a very low Reynolds number regime no inertial effects 
are observed. 

Let us consider a spherical magnetotact ic bacterium 
with radius R propelled by a force F (due to flagellar ac- 
tion) that acts at a fixed point P (the point o f  insertion of  
the flagellar bundle) on the cellular membrane.  The cell 
possesses a permanent  magnetic  moment ,  m. The bacte- 
r ium swims in a fluid with viscosity 77. This propulsive 
force, F,  is not  generally collinear with the flagellar axis 
(Schreiner 1971). If  the f lagellum rotates around its axis 
with angular frequency o9 relative to the cell body, F is 
written as 

F=F12(cos~o tel+sinco t e2 )+F3e  3 (2.1) 

where the first term simulates the action of  a f lagellum 
with a non-integer number  of  turns. F12 and F 3 are con- 
stants. (et, e 2, e3) are unit vectors defining a reference 
frame fixed with respect to the cell body  with origin at the 
center of  mass O of  the cell. We denote this reference frame 
by BAC. This set of  unit vectors rotates in a general way 
relative to the set of  unit vectors (e x, ey, ez) defining an 
auxiliary reference frame CM with origin in O that trans- 
lates with respect to an inertial reference frame fixed in 
the laboratory (LAB). The LAB frame is specified by the 
unit vectors (ex,  ey,  ez). With no loss of  generality we take 
CM as being parallel to LAB,  that is, ex/ /ex ,  ey/ /ey ,  ez / /e  z. 
We treat the motion of  the bacterium with the usual for- 
malism of rigid body dynamics:  First we describe the ro- 
tation of  BAC with respect to CM and then we describe 
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Fig. 3. Experimental track of a magnetotactic bacte- 
rium obtained by the low exposure dark field optical 
micrography technique. The external applied mag- 
netic field was suddenly reversed when the bacteri- 
um was at Q. The samples were observed with a 
coverslip to ensure good focus condition. This pro- 
cedure allows us to obtain a record of a trajectory 
nearly confined to a plane. Bar=30 ~am. Time of ex- 
posure = 1.6 s 

translation of CM with respect to LAB. In LAB, the coor- 
dinates of the common origin of BAC and CM are given 
by the components of the vector r =x ex+ y ey+ z ez. In the 
BAC reference frame the point of  insertion P is given by 
the vector Re 3 (Fig. 2). 

As the bacterium swims under the action of the propul- 
sive force given by (2.1) it suffers the action of a hydro- 
dynamic force F H. Evaluation of this force at low Reynolds 
number requires the solution of an unsteady Navier-Stokes 
equation since (2.1) is time-dependent. However, we can 
simplify considerably the analysis if we note that the char- 
acteristic time scale for this problem is typically of 
0 (R2/v) = O (10 -6) (vis  the kinematic viscosity). The force 
F oscillates with period T= 2 rcco-1 = O (10 -1) sec which is 
a typical value for magnetotactic bacteria. Since in this 
case T>>R2/v one has a pseudo-steady regime (Lamb 
1932, p 642-644)  and we take the hydrodynamic force 
acting on the spherical bacterium as having only viscous 
components. Thus, we approximate the hydrodynamic 
force as a pseudo-steady stokes drag: I 

F H (t) = - 6  rc r/R v (t) (2.2) 

where v (t) is the velocity vector and F/_/acts on O. Note 
that in contrast to the steady Stokes drag, we have in (2.2) 
a time-dependent velocity vector. 

On the basis of the approximation made in (2.2), we as- 
sume that there is a balance between F and FH, that is, at 
each instant of time the usual Stokes law holds and that 
inertia is irrelevant. In the case F12=0, which corresponds 
to a flagellum with an integer number of turns (Schreiner 
1971; Berg 1983, p 78 -79 )  we have F=F3e  3 and we can 
treat the problem as a true steady state regime. However, 
since the motion of magnetotactic bacteria usually exhib- 
its a strong helical pattern (Fig. 3), F12 gives in a very sig- 
nificant contribution. Therefore in this work Fie :X 0 and si- 
tuations in which F12=0 are treated as particular cases. 

For a recent discussion on arbitrary time-dependent motions at 
small Reynolds number see, for example, Lovalenti and Brady 
(1993) 

Therefore, according to Newtons second law, disregard- 
ing inertial contributions 2, 

F +F14=O (2.3) 

Solving for v: 

v= Vte(COSco tel+ sinco te2) +v3 e3 (2.4) 

where 

Fie (2.5) 
Vie - 67r r/R 

F3 (2.6) 
v3 - 61r ~7 R 

Note that the velocity vector is not colinear with the fla- 
gellar axis, e 3, but precesses around it. 

Before further work with (2.4) in order to obtain the 
differential equations for translation of center of mass, let 
us consider first the rotational equations of motion. 

In the approximation considered, the rotational equa- 
tions of motion with respect to BAC, are given in vector 
form as: 

N c + N + N H + N  m-- O. (2.7) 

In the above, N c denotes the reaction couple due to the 
couple that generates flagellar rotation with frequency co. 
N c is constant since co is constant. It is given by 

Nc= - N c e  3 (2.8) 

with Nc> 0. 

N is the torque produced by F given by 

N = R × F = N l a ( - s i n c o  tel+cosco te 2) (2.9) 

with N12= R Ft2. R is given by R = R e 3. 

2 We have neglected a pure inertial contribution in the hydrodynam- 
ic force (the so called added mass) which is of the same order as the 
inertia in Newton's is second law 
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N H is the hydrodynamic torque. For the same reasons 
as before, we consider here a pseudo-steady rotation drag. 
For a spherical body rotating in a viscous medium one has 
(Lamb 1932; p 642) 

NI_l(t) = 8 rc rlR 3 ~ (t) (2.10) 

where ~ is the angular velocity vector of the cell body 
whose components are written in terms of Euler angles as 
(Goldstein 1980; p 176) 

~21---- ~ s i n O s i n v + 6  cos V (2.11) 
~'~2=~ s i n O c o s v - 6  sin V (2.12) 
~3=q~ cos0 +l/? (2.13) 

where the dots denote total time differentiation. Finally, 
N m is the magnetic torque. To evaluate this torque it is nec- 
essary to assume an applied magnetic field, B. There is no 
loss of generality to assume B collinear to e z. We consider 
B constant. At t>0 B is anti-parallel to e z. Assuming, for 
simplicity, the magnetic moment, m, collinear to e 3 we 
write 

m = m e  3 (2.14) 

= ~  B e  z if t < 0  
B L - B e z  if t > 0  (2.15) 

with B=const.  This gives for t>0  the magnetic torque 

N , , , = m x B = m B  sin0 e N (2.16) 

where e N is a unit vector directed along the line of nodes: 

eu= COSV e l -  s inv  e2 (2.17) 

The Euler equations of motion for the bacterium, for 
t>0, are 

f2 l = - a  sinco t+]3 sin0 cosV (2.18) 
~-22= O~COSCO t - /3sin0 sin V (2.19) 
~23=- 7 (2.20) 

where 

N12 
O~ - 8~ r/R 3 (2.21) 

m B  
/3 = 8 ~r fiR ~ (2.22) 

N c  
Y - 87v r/R 3 (2.23) 

Substituting (2.11-13) into (2.18-20) and solving for the 
angular velocities d, 0 andv, one obtains 

d) =o~csc 0 cos(o) t+N) (2.24) 
0 =/3 s i n0 -  c~ sin (m t+gt) (2.25) 
~O=-7 -~co t  0 cos(co t+V). (2.26) 

The above equations describe the rotation of the cell body 
with respect to CM. 

In order to obtain the equations of motion for the trans- 
lation of the center of mass we should transform the equa- 
tion obtained for v, Eq. (2.4), which is written in terms of 
the unit vectors (e 1, e2, e3), to the unit vectors (e x, e r, ez). 
Taking into account that in this reference frame the com- 
ponents of v are (5c, ~, ~), one obtains after some algebra in- 
volving the transformation matrix relating the two frames 

(Goldstein 1980; p 147), the following equations of mo- 
tion for the center of mass: 

2 : t)12 [COS 0 COS (CO t + V) - sin • cos 0 sin (co t + V)] (2.27) 

+ v3 sin ~ sin 0 

3? = v12 [sin q) cos (co t + V) + cos ¢ cos 0 sin (co t + V)] (2.28) 

- v3 sin 0 cos q~ 

= v12 sin 0 sin (co t + V) + v3 cos 0 (2.29) 

Note that the magnitude of v is v = (v 2 2 + V 2) 1/2 = const. Us- 
ing (2.5) and (2.21) we have 

= 3 ~ R 

1 

V12 (2.30) 

Equations (2.24-26) together with (2.27-29) completely 
determine the motion of a magnetotactic bacterium with 
six degrees of freedom. 

An important formula that will be useful in the subse- 
quent analysis relates v to v. Let us take the time deriva- 
tive of v: 

0----coX V +V12(COSco tO]+sinco t e2 )+v  3 03 (2.31) 

with ¢0 = co e 3. Using the vector relations for orthogonal 
unit vectors, we evaluate the time derivative of the unit 
vectors above to obtain v with respect to LAB. 

v =(o9 + f / )×  v (2.32) 

Equation (2.32) shows that the angular velocity of the vec- 
tor v is given by F= (.o +~ .  Since v is tangent to the trajec- 
tory, it follows that the period of the helical trajectory is 
T= 2 Jr~F, with 

F=[(co-~2+o~-2c~/]  sin0 cos(cot+ I]/)] 1/2 (2.33) 

Note that although we are considering an approximately 
stationary regime, ~ is not approximately zero. 

3. L i m i t  cases  

(i) a=f l=O 

This case corresponds to a non-magnetotactic bacterium 
with a flagellum with an integer number of turns. The equa- 
tions of motion are exactly soluble and give a straight line 
trajectory. Explicitly, if the initial conditions are 0 (0)=0, 
~(0)=0 and V(0)=0,  one has 

0 (t) = 0 
0 (t) = 0 
gt (t) = - y t  (3.1) 
x( t )  = 0 
y (t) = O 
z ( t )  = v t. 

In this case the cell swims with constant velocity v and ro- 
tates around its axis with constant angular velocity -7. 

(ii) cz=0 

This case corresponds to a magnetotactic bacterium with 
a flagellum with an integer number of turns. The equations 
of motion reduce to the set of equations: 
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= o (3 .2)  

0 = 13 sin0 (3.3) 
= - 7  ( 3 . 4 )  

2 = v 3 sin0 sin0 (3.5) 
)) = - v  3 sin0 cos0 (3.6) 

= v 3 cos 0. (3.7) 

The above equations can be integrated analytically and the 
resulting trajectory lies in a plane. This limit case corre- 
sponds to the Bean model (Esquivel and Lins de Barros 
1986). This simplified model predicts the mean amount of 
time, t,, required for a magnetotactic bacterium to reori- 
ent its magnetic moment to the magnetic field when the 
field is suddenly reversed and the mean diameter of the re- 
sulting U-turn, L. The U-turn time and the U-turn diame- 
ter are given, respectively, by (Esquivel and Lins de Bar- 
ros 1986) 

81Z7 ~R3 (~mrB_/ (3.8) t, - - -  In 
m B 

8z2 rzR3 (3.9) 
L -  v 3 

mB 

(i v) a << co- 7' and fl ~ 0 

This case corresponds to a magnetotactic bacterium whose 
flagellum has a quasi-integer number of turns. The approx- 
imate solution up to first order in a/(0)-7) is 

O(t)=OcB(t)+ O~ {COS[(CO--7')t]--I} 
09--7' 

+ O(a2/(0)  _ 7 ' ) 2 )  

(3.12) 

where OcB (t) is the solution given by (3.10). Since for t ~> t, 
OCB(t) ~ Z, one has 

O ( t > > t , ) = z +  o~ { c o s [ ( 0 ) - 7 ) t ] - l }  
0 ) - ) '  

+ O(~2/(CO _ ~/)2) 
(3.13) 

Equation (3.13) shows that for t >> t., 0 oscillates around 
z -a~(0 ) -  7) with frequency0)-  7'and amplitude a/( 0)-  7). 

4. Applications 

where k is the Boltzmann constant and T is the absolute 
temperature. 

The solution O(t)of (3.3) is given by 

O(t) = 2arctan (e~t tan ~ ) (3.10) 

We observe that 0 (t) --+ rc as t ~ ~. 

(iii) a <<0)-7 '  and fl =0 

This case corresponds to a non-magnetotactic bacterium 
whose flagellum has an almost integer number of turns. In 
this case an approximate analytical solution can be ob- 
tained by perturbation theory (Arnold 1973, p 64-66).  The 
result is a solution which is an expansion in the parame- 
ter ~ / (0 ) -  7). For a small value of the parameter, the solu- 
tions can be approximated linearly in the parameter. The 
result for the rotational part of motion is 

(t) - a csc 0 o sin [(0) - 7) t] + O ( a  2/(0)  - 7')2 ) 
0)-- 7 " 

0 (t) = 0o + ~ {cos [(co - 7 )  t] - 1} 

+ O (a  2/(0) - 7/)2) (3.1 1) 

~ ( t ) = _ T t  - a cot 0o sin [(0) - 7') t] 
09-7' 

+ O ( a  2/(0) - 7) ~) 

with initial conditions q) (0) = gt(0) = 0 and 0 (0) = 0 o. 
The solutions (x (t), y (t), z (t)) are obtained by substitu- 

tion of the above result in (2.27-29),  expanding the right 
hand side of these equations keeping only terms of order 
e~/(0)-7) and integrating the result. The resulting expres- 
sions are lengthy and not too illuminating, so we will omit 
them. 

Samples of magnetotactic bacteria were collected in the 
interface water-sediment in a brackish coastal water la- 
goon. The samples were maintained for two weeks in a la- 
boratory without any chemical enrichment. For optical mi- 
croscopy observation a drop of water with sediment was 
placed on the microscope. A coverslip was used to ensure 
good focus conditions and to limit the movement approx- 
imately to a plane. A pair of Helmholtz coils adapted to 
the microscope provide a homogeneous and stable mag- 
netic field. Residual fields, such as the geomagnetic field 
or induced fields on the microscope, were not compen- 
sated. Dark field illumination was used to obtain the bac- 
terium track in the film emulsion (Esquivel and Lins de 
Barros 1986). 

Experimental tracks obtained by the low exposure dark 
field optical micrography technique give the projection of 
the bacterium trajectory on the film emulsion plane 
(Fig. 3). 

Electron scanning or transmission microscopy together 
with optical microscopy allows one to estimate the bacte- 
rium radius R. U-turn analysis allows one to estimate the 
cell magnetic moment 3. The water viscosity, r/, has a value 
of 0.01 Poise. The migration velocity is defined as the pro- 
jection of v along the axis of the helical trajectory. It is 
measured directly by photography or using recorded video 
images (Esquivel and Lins de Barros 1986; Lins de Bar- 
ros and Esquivel 1985). Experimental estimation of v12 or 
v 3 is difficult. Figure 3 shows that the portion of the tra- 
jectory far from the U-turn region can be interpreted as the 
projection of a helix on the emulsion plane. For this rea- 
son we assume that, in this portion of the trajectory, 
v. e z = v 3 e 3. This corresponds to the assumption that e 3 is 
approximately parallel to e z in the region of best alignment 
with the magnetic field (remember that the magnetic too- 

3 For a detailed description and application of the method see, for 
example, Esquivel and Lins de Banos (1986) 
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ment is collinear with e3). In the Bean model the align- 
ment of e 3 with e z occurs exactly; see (3.10). Within this 
assumption v 3 is interpreted as the migration velocity, 
which can be measured, v12 is obtained by measuring the 
mean pitch angle Op of the helical trajectory. Then, 

vt~ = tan 0p (4.1) 
1; 3 

0p can be estimated by analysing the track obtained by 
dark field optical microscopy (Fig. 4). The parameter a is 
obtained directly from (2.30) and we obtain using (4.1) 

3 v12 tan Op (4.2) 
c~-  4 R  

The number of cycles/sec of the helical trajectory is F/2 ~. 
Using (2.33) one has 

co _ ), = (F2 _ a2 )1/2 (4.3) 

where the time dependent part of (2.33) is disregarded. In 
fact, the measurement of F can be made in portions of the 
trajectory posterior to the U-turn or in zero field regimes. 
For the magnitudes of the fields currently used in the la- 
boratory the time dependent part of (2.33) does not con- 
tribute too much. 

The parameters co and )' cannot be obtained separately. 
However, any value can be attributed to 0) and ~, if one 
maintains the difference co-) '  fixed with ) '< co. 

The equations of motion were integrated numerically 
in a computer using a fourth order Runge-Kutta method. 
The estimated experimental values for the parameters used 
in the numerical integration are: 

R = 1.2.+0.1 pm 
m= (2.2 _+0.2) x 10 -le emu 
B= 2.5_+0.1 G 
t~= 133_+12 rad/s 

0)-7= 175+17 rad/s 
% =  125_+ 12 ~am/s. 

The intital conditions used in numerical integration are 
( 2 k r ' )  

• (0)=•(0)=0,  x(O)=y(O)=z(O)=O and O ( 0 ) = / m B - )  

The value of the initial condition 0 (0) is chosen by taking 
into account thermal disturbances (the same value of 0 (0) 
is used in the Bean model; see Esquivel and Lins de Bar- 
ros (1986)). Figure 5 shows the projection of the tridimen- 
sional computer generated trajectory in three orthogonal 
planes with the above parameters. Note that, in this par- 
ticular case, the axis of the trajectory is nearly contained 
in the yz-plane. Comparison with the experimental track 
(Fig. 3) can be made directly because experimental proce- 
dures limit the movement  in such a way that it is nearly 
contained in a plane. Figure 3 shows that, in the specific 
laboratory conditions that the photographic plate was ob- 
tained, the track is not well aligned to the external applied 
field (z-direction) in contrast with the obtained computer 
trajectory where this alignment is almost perfect (by 
"alignment" of the trajectory we mean alignment of the 
axis of the helical trajectory). This is due to a constant re- 
sidual field (induced on the microscope and/or the geo- 
magnetic field). Figure 6 shows a computer generated tra- 

2 Nr [a  

-t'- 
a 

(a) 

(b) ND 

Fig. 4. Geometric determination of Op assuming helical trajectory. 
a is the helix radius, D is the pitch. N is the number of pitches con- 
sidered. Op is the pitch angle of the helix. The helix trajectory (a) is 
cutdown to form a retangle (b) 

XZ 

¥z  

Fig. 5. Computer generated trajectory of a magnetotactic bacteri- 
um with cell radius equal to 1.2 pro, magnetic moment of 
2.2x 10 -12 emu, longitudinal velocity of 125 pm/s and the frequen- 
cy parameters t~= 133 rad/s, ~o-y= 175 rad/s in the presence of an 
external constant magnetic field of 2.5 G aligned to z-direction. At 
t=0 (point Q) the field is suddenly reversed in order to generate a 
U-turn trajectory. Initial conditions are 0(t=0)= 1.2 rad, q)(t=0)=0 
and gt(t=0)=0. Bar=30 lain 
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Fig. 6. Computer generated trajectory of a magnetotactic bacteri- 
um in the presence of an applied external field plus a residual field. 
The parameters used are identical to that of Fig. 5 except that, in ad- 
dition to the field applied in z-direction there is also a residual field 
of 0.1 G in the y-direction. Bar = 30/am 
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jectory where a residual constant field of 0.1 G, parallel 
to the y-axis, was considered. Figure 7 shows a superpo- 
sition of the yz-plane of the computer trajectory of Fig. 6 
with the photographic plate shown in Fig. 3. The time of 
exposure in Fig. 3 is 1.6 while the time of motion in 
Fig. 6 is 2 seconds. 

Figure 8 shows a computer generated trajectory of a 
magnetotactic bacterium (same parameters as above, ex- 
cept for B) in the local geomagnetic field (in Rio de Ja- 
neiro the local field is about 0.25 G). This case simulates 
the actual situation of a magnetotactic bacterium in its nat- 
ural habitat. This computer trajectory has the same total 
time of motion as that in Figs. 5 and 6 (which is 2 s) and 
we note that there is no U-turn in this case. It is an inter- 
esting question if this bacterium performs a U-turn in the 
geomagnetic field after a longer time. We integrated the 
equations of motion up to a time of 15 s and no U-turn was 
observed. In this case we note a competition between mag- 
netic and helical motion orientation mechanisms. 

Finally, Fig. 9 shows a computer generated trajectory 
of a magnetotactic bacterium (same parameters as above, 
except for B) in a zero field condition (B=0). This case 
simulates the trajectory of a non-magnetotactic bacterium 
swimming in water. 

5. C o n c l u s i o n s  

We have described a simple model to treat the movement  
of a magnetotactic flagellate coccus bacterium. In the par- 
ticular case of zero magnetic interaction (B =0 or m=0)  
this model describes the movement  of a non-magnetotac- 
tic flagellate coccus bacterium swimming in a fluid. The 
present approach ignores all inertial contributions of the 
fluid or the cell body. This allows one to describe the too- 

Fig. 7. Superposition of the yz-plane of the 
computer trajectory of Fig. 6 with the photo- 
graph showed in Fig. 3. Bar=30 ~tm 
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Fig. 8. Computer generated trajectory of a magnetotactic bacteri- 
um in the presence of the local geomagnetic field (0.25 G in Rio de 
Janeiro). All the remaining parameters are the same as for Figs. 5 
and 6. Bar=30 

X'f 

Fig. 9. Computer generated trajectory of a magnetotactic bacteri- 
um in zero field regimen. The remaining parameters are the same as 
for Figs. 5, 6 and 7. Bar=30 ~am 

tion with all the six degrees of freedom in a simple way. 
The formalism can be generalized to other cell geometries 
or magnetic fields. 

The model proposed assumes a flagellate bacterium 
with only one flagellum. This is not a drastic simplifica- 
tion because experimental evidence shows that flagellate 
bacteria swim forward and make all flagella rotate counter- 
clockwise in a cooperative way, forming a flagellar bun- 
dle. This flagellar bundle behaves as a single effective fla- 
gellum. Several magnetotactic bacteria have only one fla- 
gellar bundle. Figure 1 is an example. 

With the theory developed in this work it is possible to 
associate all relevant theoretical parameters with the ob- 
served ones. Equation (4.3), in particular, is of fundamen- 
tal importance in relating the observed trajectory to the pa- 
rameter co - ~. 

The observed matching of the theoretical trajectory 
(Figs. 5 and 6) with the experimental tracks is not fortui- 
tous. We had made a calculation in several different mag- 
netotactic bacteria and obtained approximately the same 
good results. The behavior of the numerical solutions 
show s that results are sensitive to variation of parameters. 
However, the change in trajectory with respect to the vari- 
ation of parameters is not dramatic. Figures 5 and 6 are the 
best match to the experimental trajectory. 

Figure 8 suggests that this bacterium does not perform 
a U-turn in the geomagnetic field. This is a very peculiar 
situation since it is widely believed that magnetotaxis is 
an orientation mechanism which makes the bacterium 
swim downward to find sedimented regions. On the basis 
of the theoretical and numerical results we have shown 
that, under the experimental conditions considered, the fla- 
gellar action dominates the magnetic interaction. 

Change in flagellar frequency can occur in a natural 
habitat, allowing an efficient magnetic orientation. Cren- 
shaw (1993a, b; Crenshaw and Edelstein-Keshet 1993) 
shows that the change in the cell body frequency, when in- 
duced by a concentration gradient, is an efficient mecha- 
nism of orientation because it changes the motion direc- 
tion. This mechanism can be used by the magnetotactic 
bacterium to reorient to the geomagnetic field. However, 
as the flagellar action dominates magnetic interaction, a 
perfect alignment of the cell magnetic moment  to the field 
line is far from being achieved, This does not imply that 
the geomagnetic field is irrelevant for the bacterium con- 
sidered. In fact, the geomagnetic field here plays an im- 
portant role: It acts as a bound to the helical motion, that 
is, the geomagnetic field avoids the upward swimming of 
the magnetotactic bacterium but does not constrain the mo- 
tion strongly to the field line (as would be the case for a 



21 

magnetotactic bacterium whose flagellum possess an in- 
teger number of turns). This mechanism allows the bacte- 
rium to swim in a wider region. Therefore we can suggest 
that the helical motion performed by the magnetotactic 
bacterium is a biological advantage that complements the 
advantage of the magnetic orientation. This argument can 
be strongly supported if it is related to experimental ob- 
servation of helical flagella in typical magnetotactic bac- 
teria. Observed flagella of magnetotactic bacteria are very 
short compared to the cell body dimensions and generally 
do not have an integer number of turns (Fig. l) giving a 
large value of the parameter a. Calculations with the same 
parameters used in the preceding section, except for B 
which is taken as the local geomagnetic field, and the small 
value of a shows that the bacterium makes a U-turn. Very 
short flagella with a non-integer number of turns, as ob- 
served in magnetotactic bacteria, can be a result of effi- 
cient adaptive factors. If the local field is sufficient to con- 
strain strongly the movement, the magnetic orientation re- 
duces the possibilities of motion direction. The average 
motion is nearly constrained to one direction, allowing a 
faster migration velocity. However, a bacterium strongly 
constrained to the magnetic field interacts very poorly with 
the environment and this is not biologically advantageous. 
If a magnetotactic bacterium has a long flagellum with an 
integer or quasi-integer number of turns, the geomagnetic 
field is sufficient to limit the bacterium to the field line. 

It is possible, however, that experimental conditions 
used to observe magnetic response (high magnetic fields, 
samples in the microscope, different molecular oxygen 
pressure, etc.) change the state of flagellar rotation, and 
that, in the natural habitat, the same bacterium swims dif- 
ferently and may be strongly constrained to the field line. 
Even being aware of this possibility, we believe on the 
basis of the available evidence, that this is not the case. 
We hope that these questions can be better answered 
by further experimental investigation on the behavior 
of magnetotactic bacteria in arbitrarily small magnetic 
fields. 

Finally, the present theory can guide experimentalists 
in the search of relevant parameters not directly access- 
ible in the laboratory. 
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